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738. 


NOTE ON A HYPERGEOMETRIC SERIES. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xvi. (1879), 
pp. 268—270.] 


In the memoir on hypergeometric series, Schwarz, “Ueber diejenigen Fille, &c.,” 
Crelle, t. LXXV. (1873), pp. 292—335, the author shows, as part of his general theory, 


that the equation 
dy EE dy Pe as 


2 æ.l—æ de «.1—«“ 


da? 


which belongs to the hypergeometric series F (4, — 4, 2, <), is algebraically integrable, 
having in fact the two particular integrals 


y=0, 


y’ =N (a — ta?) + /(— a + aa), 
where a is a prime sixth root of —1, a°+1=0, or say at‘—a’+1=0 (see p. 326, 
a being for greater simplicity written instead of ô, and the form being somewhat 
simplified). 
It is interesting to verify this directly; writing first y= (VY) and then s= X%, 
the equation between Y, X is easily found to be 
PY RAI yay GEN RA ey 
rie- 1ra ila) tr ote 
and the theorem in effect is that that equation has the two particular integrals 
Y= (P) + V(Q), 
P and Q being linear functions of X: in fact, 
P= a-—doX, 
Q=- +a X. 
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Starting say from the equation 
v= (P) +Q), 


or, as it is convenient to write it, 


Y=P+&, 
where P and Q are assumed to be linear functions of X, we have 
dY $ 
cya PP + 
Y A De 
Sp IPAP atg, 
and thence 
Y = PaP: 40g- pP iP? — pPigrig” 
dY , 7 43 p’ OoN 
Yay = 3 (P+ Q) +PP +P, 


(3z ) = 4P>P?+4Q07Q7+4P73Q-3P”, 
where P’, Q are written to denote the derived functions of P, Q respectively. 


Substituting these values, the resulting equation contains on the left-hand side 
a rational part, and a part with the factor P~#Q™?, and it is clear the equation 
can only be true if these two parts are separately =0. We have thus two equations 
which ought to be verified; viz. after a slight reduction these are found to be 


3X C  Pe=0, 


PQ? + GP? + POP + PX, PPU +P- 
and it is very interesting to observe the manner in which these equations are, in 
fact, verified by the foregoing values of P, Q. 

We have 
P+Q=(a-#)(1+X), P+R =a- o, 
and hence 
2X (P'+Q)-X(P+0)=- (a - œ) (1 - X), 
or, in the first equation, the second part 
DNE X 
S trae 


is 
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viz. this is 

_—(a—@)X 

14X43" 

We have 
QP” ns PQ” = ql? (- a+ aX) +a (a — aX), 
=0 — a” — (a — a) X, =(a—a’)X; 
and 
PQ=-a+(a? +a") X-X, =1+X +X; 

hence 


1 /2 2 (a— a’) X 
pa OP" + PO") = Tix 


and. the sum of the two parts is =0. 


Similarly as regards the second equation, the second part 


APO (PY + PQ)- E Pe 
is 
=PO (PQ + PQ X-PQ). 


Here PQ’+P’Q is a(a—@X)—a@(—a'+aX), which is =1+2X; and PQ 
=1 + X + X?, the term in { } is 


(1+2X)X -—(14+X+4+X*) =-(1-X)(14+ X); 
hence, outside the { } writing for PQ its value =1+2X+X°, the term is 
Bit caine Te) Waa = +X) EE 


which is the value of the second part in question; the first part is 
(PQ +QPyY—PQPQO, =(14+2XP—-(14+X+X), =38X (14+ X); 


and the sum of the two terms is thus =0. 
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being 


